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Abstract 
We disprove a conjecture of [Cook and Evans (1979)] by providing a number (the Stirling 
number of the second kind S(n, s) of them) of non-isomorphic s-chromatic graphs (s >, 2) which 
fold onto K, and are minimal in the number of vertices and edges. We also answer some other 
questions of [Cook and Evans (1979)]. 
Our graphs are finite, simple and undirected. For undefined terminology see [l]. 
A homomorphism of a graph G into a graph H is an edge-preserving mapping 
f: V(G) -+ V(H). Here we only consider mappings which are onto and we write G H H 
if there is a homomorphism from G onto H. For our purposes it is convenient to 
regard V(H) as a subset of V(G) and E(H) as a superset of the edge-set of the graph 
induced, in G, by V(H). This is possible because a homomorphism from G into H can 
also be viewed as an isomorphism between H and the result of identifying some 
independent sets in G while keeping one copy of each edge that appears. More 
formally, consider the pre-image of each u E V(H),f - ‘(u). It is easy to see that each 
such set is independent in G and that they partition Y(G). We can then choose 
a representative uf of each f - l(u) and let A be the set of these. Clearlyfrestricted to 
A is a bijection. The graph obtained from G by identifying f - l(u) with u/ and by 
making U/D/ an edge if and only if there was an edge in G between a vertex inf - l(u) 
and a vertex in f - l(u) is isomorphic to H. 
In [33 the authors define a simple fold as a homomorphismfsuch that If- ‘(u)l = 1 
for all but one u, whose pre-image contains exactly two vertices joined to a common 
neighbour. Thus G(,_) =f(G) is obtained from G by identifying two non-adjacent 
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vertices x and y with a common neighbour, eliminating duplicate edges. A simple fold 
is determined by the pair (x, y) and we will often stress this by writing &_). Hence 
a simple fold f;_) is a homomorphism of G into H such that 1;,,,,(x) = y and 
&,,(u) = u for all u # x. A folding f of G into H is a sequence of simple folds onto 
H and we say that G folds ontof(G). The number of simple folds composing a folding 
fwill be called the length offand will be denoted by Ifl. In [3] a graph is constructed 
which has chromatic number 3 and which folds onto K,, and a conjecture is made that 
it is minimal with respect to vertices and edges. It has (n2 + 4 - p(n))/4 vertices and 
(3n2 - 6n + 4 - p(n))/4 edges, with p(n) = n (mod2), and is somewhat messy to 
construct. The conjecture was disproved in [2]. We will find the minimum number of 
vertices and edges an s-chromatic graph must have in order to fold onto K, and show 
that the minima can be attained by many graphs, incidentally again disproving the 
conjecture. Our proofs are somewhat simpler than those of [2] and our direction is 
different. 
The idea is very simple and is based on the following observation which we shall not 
dignify by giving a proof. 
Observation 1. LetA_,, be a simple fold of a graph G. Then (E(_&,,,(G))I ,< IE(G)l - 1 
and I KfL,,~(G))l = I UG)l - 1. 
This immediately gives some useful bounds. 
Corollary 1. Let f be a folding of length k. Then IE(f(G))J < [E(G)/ - k and 
I Vf(G))I = I J’(G)1 - k. 
The burden of the determination of minimal graphs that fold onto K, is borne by 
the next lemma. 
Lemma 1. Let G be a graph that folds onto K, and let S = V(K,) c V(G) be an 
independent set. Let f: G I--* K, be a folding. Then 
1. IV(G)I 2 2n - 1, 
2. JE(G)I > (“2) + n - 1. 
Proof. Let S, n, and f be as in the statement of the lemma and suppose that 
f = fkfk_ 1. ..fi. Since S is independent and f(G) is complete, the (5) edges of the image 
must all be introduced byf: Each of thefi can create at most n - 1 edges among the 
vertices of S, all having one common end point (that is, ifA =f;X,Y) maps x onto y, 
keeping every other vertex fixed, only the edges incident with x can possibly replace 
non-edges Offi_l...fi(G)). In fact, let ei be the number of new edges introduced into 
J- 1 ..-fi(G) by 5. Since If= 1 ei is maximum when ci = n - i and If= 1 ei = ($), the 
length off is at least n - 1. From Corollary 1 we than have the claims. 0 
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Lemma 2. Let n = (a,, . . . . a,) be a partition of n into s non-zero parts and let 
(al=n--s+i T + C 
0 
aiaj. 
i=l l<i<j<s 
Letl<k,l<sandletn(k,I)=(a;,... ,a:)witha;=a,- l,aj=a,+ landa;=aifOr 
i # k,I. Then (~1 = (n(k,l)(. 
Proof. We have 
and the lemma is proven. 0 
Corollary 2. Let n, x’ be two partitions of n into s parts. Then (n( = In’\. 
Theorem 1. Let G be an s-chromatic, s 2 2, graph with the least number of vertices and 
edges among those thatfold onto K,. Then 1 V(G)1 3 2n - s and [E(G)\ > (“t’) - s. 
Proof. Let f be a folding of G onto K, and let, without loss of generality, 
V(K,) c V(G). Since G is s-chromatic, V(K,) can be partitioned into s non-empty 
disjoint independent sets Ai of cardinality Oi, respectively, i = 1, . . . , s. Since each of the 
Ai induces a complete graph inf(G), 1 V(G)1 B x3= 1 (2ai - 1) = 2n - s, by Lemma 1. 
Similarly, [E(G)1 > Cf=r(((;i) + Oi - 1) = n - s + Cs=r(“;). This, however, is not suffi- 
cient: all the edges of the complete s-partite graph K,, ,,, ,Lls must already be present in 
G. Thus 
IE(G)l>n-s+ i “; + c 
0 
aiaj 
i=l l<i<j<s 
=n-s+(n-~+1)+(s-21)+(n-S+l)(S-l) 
n+l = ( 1 2 -s 
since this number is independent of the partition of the vertices of K,, as shown by 
Corollary 2. 0 
Theorem 2. For every n and s k 2, n > s there are S(n,s) non-isomorphic s-chromatic 
graphs with 2n - s vertices and (“:’ ) - s edges which fold onto K,, with S(n, s) equal to 
the number of partitions of n into s non-zero parts (the Stirling number of the second 
kind). 
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Proof. For each partition of n into s non-zero parts define a graph G as follows. Let 
n = Cizl ai, ai > 0 and let Ai, Bi, i = 1, . . . , s be pairwise disjoint sets of vertices, with 
cardinalities ) Ai ( = ai and [Bil = Ui - 1. Let V(G) = UI,1(Ai u Bi). Let 
Ai = {Q = 1 , . . . , Ui} and Bi = {~j: j = 1, . . . , ai - 11. The edge set E(G) consists of, 
for i, j = 1 ,..., s, i #j, 
1. all edges u:u{, k = 1, ..* ,ai, 1 = 1, ... ,aj, 
2. alledgesu~uf,k=l,...,ai-l,l=k+l~...~ ai, 
3. all edges v{v:, k = 2, . . . ,ai - 1, 
4. the edges u\ u:, I, addition modulo s. 
The edges defined in (4) guarantee that U; and ui have a common neighbour. Thus 
fi =f,.;,.; . ..f.;,;identifies successively u\ with v’;. Infi(G) the vertices U: and 0: have 
a common neighbour uf , which allows us to definefk =f&; ..‘fU;“; with the under- 
standing that&,; is the identity if k 2 ai. It is now easy to verify that f=fOfa_ l+..fi 
withu= max(ai:i= l,..., s> is a folding of G onto K,. It is even easier to check the 
numbers of vertices and edges are as claimed. Finally, it is not difficult to see that the 
graphs constructed for distinct partitions of n into s non-zero parts are non-isomor- 
phic. Cl 
We note in passing that we did not assume s > 3 and so our results answer part of 
the Open problem 3 of [3]: we provide the minimal bipartite graphs that fold onto K,. 
The general question of finding minimal s-chromatic graphs homomorphic to K, is 
not addressed in [3]. The authors do ask, however, for minimal bipartite graphs 
homomorphic to, K,, and, in particular, for minimal paths and trees that map onto 
K,. Some of the questions were dealt with in [a]. Since most are answered rather 
simply, often by quoting well-known results and observations, we only refer the 
interested reader to [4] (see, in particular, Theorem 5.6). 
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